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Problem 1.7

Two long, cylindrical conductors of radii a; and as are parallel and separated by a distance d,
which is large compared with either radius. Show that the capacitance per unit length is given

approximately by
a1
C ~ meg <1n )
a

where a is the geometrical mean of the two radii.

Approximately what gauge wire (state diameter in millimeters) would be necessary to make
a two-wire transmission line with a capacitance of 1.2 x 107! F/m if the separation of the wires
was 0.5 cm? 1.5 cm? 5.0 cm?

Solution

The governing equations of the electric field are Gauss’s law and Faraday’s law. In the context of
electrostatics in vacuum they are

v-E=2 (1)
€0

VXE=0.
This second equation implies the existence of a potential function —® that satisfies
E=V(-9)=-Vo. (2)

The minus sign is arbitrary mathematically, but physically it indicates that a positive charge in
an electric field moves from high-potential regions to low-potential regions (and vice-versa for a
negative charge). Assuming that empty space, or vacuum, separates the conductors, the
capacitance is

Q

Note that @ is interpreted as the work it takes to move a positive unit charge from the
low-potential conductor to the high-potential conductor. Begin by finding the electric field of a
long charged cylinder with radius R and length L.
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Integrate both sides of equation (1) over the volume V{ enclosed by the black Gaussian surface

shown above.
17 V.EdV = Aﬁmpdv

Using the divergence theorem on the left side results in the integral form of Gauss’s law.
# -dS = — /// pdV
So

The volume integral on the right is the total charge enclosed; since the charge is evenly
distributed on the cylinder, the total enclosed charge is (27 RLg), where 0 = Q/(27rRL).

_1/e
#E'dS—G()(LLO)
So

Because of the symmetry with respect to the cylinder’s axis, the electric field is entirely radial:

E = E,f.
Q
#E -~ (3w)

E, is constant on the Gaussian surface Sy, so it can be pulled in front of the integral.

_1 (9
So

Solve for F,., the electric field magnitude.

L
E.(2nrLy) = Cgolf]

Q

- 2meqrL
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In this problem there are two long parallel cylinders with radii, a; and aq, and charges, +¢) and
—(@, respectively, so the plan is to apply the principle of superposition to obtain the total electric
field at a point between the cylinders in the same plane.

Add the electric fields from each of the cylinders vectorially to obtain the total electric field.

Q. —Q
= X+
2megxr L 2rep(ar +d+ ag — x

Q 1 1 .
= ——i— X
2regL \x a1 +d4+as—x

Q 1 1 N
= — b’
2reol \x T —a1 —d— a9

Since what we need is the potential difference between the cylinders, we consider the
x-component of equation (2) for a; < z < a; + d.

dd
E=-Vo — Ex:—% — @(x):—/Ewdx

® is the work required to move a positive unit charge from the (low-potential) —@Q cylinder to the
(high-potential) +@ cylinder, so the limits of integration go from a; + d to a;.

@ 1 1
(132—/ @ (— >de’
aj+d 2meoL \xz x —a; —d—as

a1+d 1 1
= Q i dx
2regL J,, r x—a;—d—as
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Evaluate the integral and simplify the result.

Q atd gy a1-+d dx
:27T60L</al x_/al x—al—d—a2>
il .

a1
( lay 4+ d| — ln]a1|—ln]—a2|—|—ln|—d—a2|>

ai1+d

ln|x| — Inlzx —a; —d — a9

27T60L

n(a; +d) —Ina; — Inag —|—ln(d+a2)}

27T€()L
_ Q| @ra)d+a)
2megL ai1as

2
- QW?OL In [afag (1 + %) (1 + ?)]

Since d > a1 and d > as, these terms in parentheses are very close to 1.
d? d? d
~ ¢ In (1)(1)| = @ In = @ In
27T€()L a1ag 27T€0L ai1an ﬂ'ﬁoL \/a102

This quantity a = y/aias is called the geometric mean of a; and as.
Q d

In —
megL .

o ~

The capacitance of these two parallel cylinders is then

Q Q  mel

mweg L In a In a

Therefore, the capacitance per unit length is

(2
Lwﬂ'éo a .

Since we want to determine the wire diameter, solve this formula for 2a.

ld €0
n—~ —
C

a 7

1a )
—hgN T
L

Multiply both sides by 2d.
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Assuming a capacitance per unit length of 1.2 x 107! F/m, the diameter is about

(8.854 x 10712)
1.2 x 10—

}zlmm

2a ~ 2d exp (—?) ~ 2(5 mm) exp [—W
L
if the separation distance is d = 0.5 cm = 5 mm, the diameter is about

(8.854 x 10712)
1.2 x 10-11

2a =~ 2d exp (—7TC€O> ~ 2(15 mm) exp [—W
L

} ~ 3.0 mm

if the separation distance is d = 1.5 cm = 15 mm, and the diameter is about

7(8.854 x 10712)
1.2 x 10-1

2a =~ 2d exp (—?) ~ 2(50 mm) exp [— } ~ 9.8 mm
L

if the separation distance is d = 5.0 cmm = 50 mm.

www.stemjock.com



